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Abstract
We consider strings living in AdS3×S3×S3×S1 with nonzero B-field. By using specific
ansatz for the string embedding, we obtain a class of solutions corresponding to strings
moving in the whole ten dimensional space-time. For the AdS3 subspace, these solutions are
given in terms of incomplete elliptic integrals. For the two three-spheres, they are expressed
in terms of Lauricella hypergeometric functions of many variables. The conserved charges,
i.e. the string energy, spin and angular momenta, are also found.
1 Introduction
A very important development in the field of string theory has been achieved for the case of
AdS/CFT duality [1] between strings and conformal field theories in various dimensions. The
most developed case is the correspondence between strings living in AdS5 × S5 and N = 4
SYM in four dimensions. Another example is the duality between strings on AdS4 × CP 3
background and N = 6 super Chern-Simons-matter theory in three space-time dimensions.
The main achievements in the above examples are due to the discovery of integrable struc-
tures on both sides of the correspondence. Many other cases have been considered also
[2].
An interesting area of research is the AdS3/CFT2 duality [3]-[28], related to AdS3×S3×T 4
and AdS3×S3×S3×S1 string theory backgrounds where nontrivial two-form B field appears.
For a review, see e.g [26].
The classical string solutions and their semiclassical limits, corresponding to large con-
served charges [29], play important role in checking and understanding the AdS/CFT corre-
spondence. Here we obtain a class of solutions corresponding to strings moving in the whole
ten dimensional space-time AdS3 × S3 × S3 × S1 with nonzero B-field.
The paper is organized as follows. In Sec.2 we describe the background. In Sec.3 we
present our general approach to string dynamics in curved backgrounds with nonzero B-
field. In Sec.4 we apply it to strings moving in AdS3 × S3 × S3 × S1 with B-field. In Sec.5
we obtain the conserved charges for the case under consideration. Sec.6 is devoted to our
concluding remarks.
2 The background
The metric of AdS3 × S3 × S3 × S1 is
ds2 = ds2AdS3 + ds
2
S3
+
+ ds2S3
−
+ dw2, (2.1)
where w is the coordinate along S1. As found in [30], the radii of AdS3 and of the two
three-spheres satisfy the relation
1
R2AdS3
=
1
R2+
+
1
R2−
. (2.2)
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If we normalize the AdS3 radius to one, (2.2) is solved by
1
R2+
= cos2 ϕ,
1
R2−
= sin2 ϕ. (2.3)
According to [27], the metric on AdS3 and the two three-spheres can be written as
ds2AdS3 = −
(
1 +
z2
1
+z2
2
4
1− z21+z22
4
)2
dt2 +
(
1
1− z21+z22
4
)2
(dz21 + dz
2
3), (2.4)
ds2S3
+
=
(
1− cos2 ϕy23+y24
4
1 + cos2 ϕ
y2
3
+y2
4
4
)2
dφ25 +
(
1
1 + cos2 ϕ
y2
3
+y2
4
4
)2
(dy23 + dy
2
4), (2.5)
ds2S3
−
=
(
1− sin2 ϕx26+x27
4
1 + sin2 ϕ
x2
6
+x2
7
4
)2
dφ28 +
(
1
1 + sin2 ϕ
x2
6
+x2
7
4
)2
(dx26 + dx
2
7). (2.6)
The B-field in these coordinates is given by [27]
B =
q(
1− z21+z22
4
)2 (z1dz2 − z2dz1) ∧ dt (2.7)
+
q cosϕ(
1 + cosϕ
y2
3
+y2
4
4
)2 (y3dy4 − y4dy3) ∧ dφ5
+
q sinϕ(
1 + sinϕ
x2
6
+x2
7
4
)2 (x6dx7 − x7dx6) ∧ dφ8,
where the parameter q is related to the quantized coefficient k of the Wess-Zumino term by
[27]
k = q
√
λ. (2.8)
For our purposes here, we introduce new background coordinates:
z1 = 2 tanh
ρ
2
cosφ, z2 = 2 tanh
ρ
2
sin φ, (2.9)
φ5 = R+φ2+ (2.10)
y3 = R+w1 = 2R+ tan
θ+
2
cosφ1+
y4 = R+w2 = 2R+ tan
θ+
2
sinφ1+,
φ8 = R−φ2− (2.11)
x6 = R−v1 = 2R− tan
θ−
2
cosφ1−
x7 = R−v2 = 2R− tan
θ−
2
sin φ1−.
2
As a consequence, the resulting description of the background becomes:
ds2AdS3 = − cosh2 ρ dt2 + dρ2 + sinh2 ρ dφ2, (2.12)
or (sinh2 ρ = r2)
ds2AdS3 = −(1 + r2) dt2 + (1 + r2)−1dr2 + r2dφ2 (2.13)
≡ gtt dt2 + grrdr2 + gφφdφ2
ds2S3
+
=
1
cos2 ϕ
(
dθ2+ + sin
2 θ+dφ
2
1+ + cos
2 θ+dφ
2
2+
)
(2.14)
≡ gθ+θ+dθ2+ + gφ1+φ1+dφ21+ + gφ2+φ2+dφ22+,
ds2S3
−
=
1
sin2 ϕ
(
dθ2
−
+ sin2 θ−dφ
2
1− + cos
2 θ−dφ
2
2−
)
(2.15)
≡ gθ−θ−dθ2− + gφ1−φ1−dφ21− + gφ2−φ2−dφ22−,
ds2S1 = dw
2 ≡ gwwdw2,
B = qr2 dφ ∧ dt (2.16)
+
q sin2 θ+
cos2 ϕ
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2 dφ1+ ∧ dφ2+
+
q sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2 dφ1− ∧ dφ2−
≡ bφt dφ ∧ dt+ bφ1+φ2+ dφ1+ ∧ dφ2+ + bφ1−φ2− dφ1− ∧ dφ2−.
3 The approach
Here, we will use the Polyakov type action for the bosonic string in a D-dimensional curved
space-time with metric tensor gMN(x), interacting with a background 2-form gauge field
bMN (x) via Wess-Zumino term
SP =
∫
d2ξLP , LP = −1
2
(
T
√−γγmnGmn −QεmnBmn
)
,
ξm = (ξ0, ξ1) = (τ, σ), m, n = 0, 1,
where
Gmn = ∂mX
M∂nX
NgMN , Bmn = ∂mX
M∂nX
NbMN ,
(∂m = ∂/∂ξ
m, M,N = 0, 1, . . . , D − 1),
3
are the fields induced on the string worldsheet, γ is the determinant of the auxiliary world-
sheet metric γmn, and γ
mn is its inverse. The position of the string in the background
space-time is given by xM = XM(ξm), and T = 1/2πα′, Q are the string tension and charge,
respectively. If we consider the action SP as a bosonic part of a supersymmetric one, we
have to put Q = ±T . In what follows, Q = T .
The equations of motion for XM following from SP are:
−gLK
[
∂m
(√−γγmn∂nXK)+√−γγmnΓKMN∂mXM∂nXN]
=
1
2
HLMNǫ
mn∂mX
M∂nX
N , (3.1)
where (∂M = ∂/∂x
M )
ΓL,MN = gLKΓ
K
MN =
1
2
(∂MgNL + ∂NgML − ∂LgMN) ,
HLMN = ∂LbMN + ∂MbNL + ∂NbLM ,
are the components of the symmetric connection corresponding to the metric gMN , and the
field strength of the gauge field bMN respectively. The constraints are obtained by varying
the action SP with respect to γmn:
δγmnS
P = 0⇒ (γklγmn − 2γkmγln)Gmn = 0. (3.2)
Further on, we will use conformal gauge γmn = ηmn = diag(−1, 1) in which the string
Lagrangian, the Virasoro constraints and the equations of motion take the following form:
L = T
2
(G00 −G11 + 2B01) , (3.3)
G00 +G11 = 0, G01 = 0,
gLK
[(
∂20 − ∂21
)
XK + ΓKMN
(
∂0X
M∂0X
N − ∂1XM∂1XN
)]
= HLMN∂0X
M∂1X
N .
Now, we suppose that there exist some number of commuting Killing vector fields along
part of XM coordinates and split XM into two parts
XM = (Xµ, Xa),
where Xµ are the isometric coordinates, while Xa are the non-isometric ones. The existence
of isometric coordinates leads to the following conditions on the background fields:
∂µgMN = 0, ∂µbMN = 0. (3.4)
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Then from the string action, we can compute the conserved charges
Qµ =
∫
dσ
∂L
∂(∂0Xµ)
(3.5)
under the above conditions.
Next, we introduce the following ansatz for the string embedding
Xµ(τ, σ) = Λµτ + X˜µ(ασ + βτ), Xa(τ, σ) = X˜a(ασ + βτ), (3.6)
where Λµ, α, β are arbitrary parameters. Further on, we will use the notation ξ = ασ+ βτ .
Applying this ansatz, one can find that the equalities (3.3), (3.5) become
L = T
2
[
− (α2 − β2)gMN dX˜
M
dξ
dX˜N
dξ
+ 2Λµ (βgµN + αbµN)
dX˜N
dξ
+ ΛµΛνgµν
]
, (3.7)
G00 +G11 = (α
2 + β2)gMN
dX˜M
dξ
dX˜N
dξ
+ 2βΛµgµN
dX˜N
dξ
+ ΛµΛνgµν = 0, (3.8)
G01 = αβgMN
dX˜M
dξ
dX˜N
dξ
+ αΛµgµN
dX˜N
dξ
= 0, (3.9)
−(α2 − β2)
[
gLK
d2X˜K
dξ2
+ ΓL,MN
dX˜M
dξ
dX˜N
dξ
]
+ 2βΛµΓL,µN
dX˜N
dξ
+ ΛµΛνΓL,µν
= αΛµHLµN
dX˜N
dξ
, (3.10)
Qµ =
T
α
∫
dξ
[
(βgµN + αbµN )
dX˜N
dξ
+ Λνgµν
]
. (3.11)
Our next task is to try to solve the equations of motion (3.10) for the isometric coordinates,
i.e. for L = λ. Due to the conditions (3.4) imposed on the background fields, we obtain that
Γλ,ab =
1
2
(∂agbλ + ∂bgaλ) , Γλ,µa =
1
2
∂agµλ Γλ,µν = 0,
Hλab = ∂abbλ + ∂bbλa, Hλµa = ∂abλµ, Hλµν = 0.
5
By using this, one can find the following first integrals for X˜µ:
dX˜µ
dξ
=
1
α2 − β2 [g
µν (Cν − αΛρbνρ) + βΛµ]− gµνgνadX˜
a
dξ
, (3.12)
where Cν are arbitrary integration constants. Therefore, according to our ansatz (3.6), the
solutions for the string coordinates Xµ can be written as
Xµ(τ, σ) = Λµτ +
1
α2 − β2
∫
dξ [gµν (Cν − αΛρbνρ) + βΛµ]−
∫
gµνgνadX˜
a(ξ). (3.13)
Now, let us turn to the remaining equations of motion corresponding to L = a, where
Γa,µb = −1
2
(∂agbµ − ∂bgaµ), Γa,µν = −1
2
∂agµν ,
Haµν = ∂abµν , Haµb = −∂abbµ + ∂bbaµ.
Taking this into account and replacing the first integrals for X˜µ already found, one can write
these equations in the form (prime is used for d/dξ)
(α2 − β2)
[
habX˜
b′′ + Γha,bcX˜
b′X˜c
′
]
= 2∂[aAb]X˜
b′ − ∂aU, (3.14)
where
hab = gab − gaµgµνgνb, Γha,bc =
1
2
(∂bhca + ∂chba − ∂ahbc) (3.15)
Aa = gaµg
µν (Cν − αΛρbνρ) + αΛµbaµ, (3.16)
U =
1/2
α2 − β2
[
(Cµ − αΛρbµρ) gµν
(
Cν − αΛλbνλ
)
+ α2ΛµΛνgµν
]
. (3.17)
The Virasoro constraints (3.8), (3.9) become:
1
2
(α2 − β2)habX˜a′X˜b′ + U = 0, αΛµCµ = 0. (3.18)
Finally, let us write down the expressions for the conserved charges (3.11)
Qµ =
T
α2 − β2
∫
dξ
[
β
α
Cµ + αΛ
νgµν + bµνg
νρ
(
Cρ − αΛλbρλ
)
+ (α2 − β2) (bµa − bµνgνρgρa) X˜a′
]
. (3.19)
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4 String solutions in AdS3 × S3 × S3 × S1 with B-field
In accordance with our notations
µ = (t, φ, φ1+, φ2+, φ1−, φ2−, w) , a = (r, θ+, θ−) ,
gµν =
(
gtt, gφφ, gφ1+φ1+ , gφ2+φ2+ , gφ1−φ1− , gφ2−φ2− , gww
)
,
gab =
(
grr, gθ+θ+ , gθ−θ−
)
,
gaµ = 0, hab = gab,
bµν = (bφt, bφ1+φ2+ , bφ1−φ2−), baν = 0,
Aa = 0, (4.1)
where
gtt = −(1 + r2), grr = (1 + r2)−1, gφφ = r2,
gθ+θ+ =
1
cos2 ϕ
, gφ1+φ1+ =
1
cos2 ϕ
sin2 θ+, gφ2+φ2+ =
1
cos2 ϕ
cos2 θ+,
gθ−θ− =
1
sin2 ϕ
, gφ1−φ1− =
1
sin2 ϕ
sin2 θ−, gφ2−φ2− =
1
sin2 ϕ
cos2 θ−,
gww = 1,
btφ = −qr2, (4.2)
bφ1+φ2+ =
q sin2 θ+
cos2 ϕ
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2 ,
bφ1−φ2− =
q sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2 .
The effective scalar potential (3.17) can be computed to be
U =
4∑
i=1
Ui, (4.3)
where
7
U1(r) =
1/2
α2 − β2
{
− (Ct + αΛ
φqr2)2
1 + r2
+
(Cφ − αΛtqr2)2
r2
(4.4)
−α2
[(
Λt
)2
(1 + r2)− (Λφ)2 r2]
}
,
U2(θ+) =
1/2
α2 − β2
{Cφ1+ − αΛ
φ2+q sin2 θ+
cos2 ϕ
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2


2
cos2 ϕ
sin2 θ+
(4.5)
+

Cφ2+ + αΛ
φ1+q sin2 θ+
cos2 ϕ
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2


2
cos2 ϕ
cos2 θ+
+
α2
cos2 ϕ
[(
Λφ1+
)2
sin2 θ+ +
(
Λφ2+
)2
cos2 θ+
]}
,
U3(θ−) =
1/2
α2 − β2
{Cφ1− − αΛ
φ2−q sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2


2
sin2 ϕ
sin2 θ−
(4.6)
+

Cφ2− + αΛ
φ1−q sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2


2
sin2 ϕ
cos2 θ−
+
α2
sin2 ϕ
[(
Λφ1−
)2
sin2 θ− +
(
Λφ2−
)2
cos2 θ−
]}
,
U4 = C
2
w + (Λ
w)2 = const. (4.7)
By using that in the case under consideration the metric gab is diagonal, one can prove
that the equations of motion (3.14) possess the following first integrals
dX˜a
dξ
=
√
Ca − 2Ua
(α2 − β2)gaa , (4.8)
8
where X˜a = (r, θ+, θ−), Ca = (Cr, Cθ+, Cθ−) are arbitrary integration constants and Ua =
(U1(r), U2(θ+), U3(θ−)).
The replacement of (4.8) into (3.18) reduces the first Virasoro constraint to the following
equality
Cr + Cθ+ + Cθ− = 0. (4.9)
Thus, the Virasoro constraints are simplified to relations between the integration constants
and embedding parameters on this type of string solutions.
4.1 Solutions in AdS3
For the AdS3 subspace, (4.8) gives
dξ =
dr√
(Cr−2U1(r))(1+r2)
α2−β2
.
By using the expression (4.4) for U1(r) and introducing the variable y = r
2, one obtains
dξ =
α2 − β2
2α
√
(1− q2)
[
(Λφ)2 − (Λt)2
] dy√(yp − y)(y − ym)(y − yn) , (4.10)
where
yp > y > ym ≥ 0, yn < 0,
and yp, ym, yn satisfy the equalities
yp + ym + yn =
1
α2(1− q2)
[
(Λφ)2 − (Λt)2
]
[
Cr(α
2 − β2)− α
(
α
(
Λφ
)2 − 2α (Λt)2 − 2q (CφΛt + CtΛφ)+ q2α (Λt)2)] ,
ypym + ypyn + ymyn = − 1
α2(1− q2)
[
(Λφ)2 − (Λt)2
] (4.11)
[
Cr(α
2 − β2) + C2t − C2φ + α2
(
Λt
)2
+ 2qαCφΛ
t
]
,
ypymyn = −
C2φ
α2(1− q2)
[
(Λφ)2 − (Λt)2
] .
9
Integrating (4.10) and inverting
ξ(y) =
α2 − β2
α
√
(1− q2)
[
(Λφ)2 − (Λt)2
]
(yp − yn)
F
(
arcsin
√
yp − y
yp − ym ,
yp − ym
yp − yn
)
to y(ξ), one finds the following solution
y(ξ) = (yp − yn) DN2


α
√
(1− q2)
[
(Λφ)2 − (Λt)2
]
(yp − yn)
α2 − β2 ξ,
yp − ym
yp − yn

+ yn, (4.12)
where F is the incomplete elliptic integral of first kind and DN is one of the Jacobi elliptic
functions.
Now we are going to find the solutions for the isometric coordinates t(ξ) and φ(ξ). In
accordance with (3.12), the first integrals for X˜ t and X˜φ can be computed to be given by
dX˜ t
dξ
=
1
α2 − β2
[
βΛt − qαΛφ − Ct − qαΛ
φ
1 + y
]
,
dX˜φ
dξ
=
1
α2 − β2
(
βΛφ − qαΛt + Cφ
y
)
.
Integrating and using (4.10), we obtain
t(τ, ξ) = Λtτ +
1
α
√
(1− q2)
[
(Λφ)2 − (Λt)2
]
(yp − yn)
(4.13)
[(
βΛt − qαΛφ) F
(
arcsin
√
yp − y
yp − ym ,
yp − ym
yp − yn
)
− Ct − qαΛ
φ
1 + yp
Π
(
arcsin
√
yp − y
yp − ym ,
yp − ym
1 + yp
,
yp − ym
yp − yn
)]
,
φ(τ, ξ) = Λφτ +
1
α
√
(1− q2)
[
(Λφ)2 − (Λt)2
]
(yp − yn)
(4.14)
[(
βΛφ − qαΛt) F
(
arcsin
√
yp − y
yp − ym ,
yp − ym
yp − yn
)
+
Cφ
yp
Π
(
arcsin
√
yp − y
yp − ym ,
yp − ym
yp
,
yp − ym
yp − yn
)]
,
where Π is the incomplete elliptic integral of third kind.
10
4.2 Solutions on the two S3
It is clear from (2.14) and (2.15) that the solutions on the two three-spheres S3+ and S
3
−
can
be obtained from each other by the exchanges sinϕ ↔ cosϕ and + ↔ − in the subscripts
of the coordinates, the corresponding integration constants, and in the superscripts of the
embedding parameters. That is why we are going to present here the string solutions for
one of the spheres only, say S3
−
.
The non-isometric coordinate on S3
−
is θ− for which the first integral (4.8) reads
dθ−
dξ
=
√
sin2 ϕ
α2 − β2
[
Cθ− − 2U3(θ−)
]
. (4.15)
U3(θ−) is given in (4.6).
Now we introduce the variable
γ = cos2
θ−
2
.
This allows us to rewrite (4.15) in the following form
dξ =
α2 − β2
sinϕ
(−a10)−1/2 (1− (1− sinϕ)γ)2 (2γ − 1) (4.16)
[(γ1 − γ)(γ − γ2)(γ − γ3)(γ − γ4)(γ − γ5)(γ − γ6)
(γ − γ7)(γ − γ8)(γ − γ9)(γ − γ10)]−1/2 dγ, γ1 = γmax.
The corresponding computations are given in an Appendix. Next, we integrate
ξ =
α2 − β2
sinϕ
(−a10)−1/2
∫ γmax
γ
(1− (1− sinϕ)u)2 (2u− 1) (4.17)
[(γmax − u)(u− γ2)(u− γ3)(u− γ4)(u− γ5)(u− γ6)
(u− γ7)(u− γ8)(u− γ9)(u− γ10)]−1/2 du,
and introduce new integration variable
δ =
γmax − u
γmax − γ .
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Then (4.17) becomes
ξ(γ) =
α2 − β2
sinϕ
(−a10)−1/2(1− γmax(1− sinϕ))2(2γmax − 1)(γmax − γ)1/2 (4.18)[
10∏
i=2
(γmax − γi)
]−1/2 ∫ 1
0
δ−1/2
(
1 +
(γmax − γ)(1− sinϕ)
(1− γmax(1− sinϕ)) δ
)2
(
1− 2(γmax − γ)
2γmax − 1 δ
) 10∏
i=2
(
1− γmax − γ
γmax − γi δ
)−1/2
dδ.
Comparing the integral in (4.18) with the integral representation of the Lauricella hyper-
geometric functions of many variables F
(n)
D [31]
F
(n)
D (a; b1, . . . , bn; c; z1, . . . , zn) = (4.19)
Γ(c)
Γ(a)Γ(c− a)
∫ 1
0
δa−1(1− δ)c−a−1(1− z1δ)−b1 . . . (1− znδ)−bndδ,
Re(a) > 0, Re(c− a) > 0,
one finds
ξ(γ) = 2
α2 − β2
sinϕ
(−a10)−1/2(1− γmax(1− sinϕ))2(2γmax − 1)(γmax − γ)1/2 (4.20)[
10∏
i=2
(γmax − γi)
]−1/2
F
(11)
D (1/2; b1, . . . , b11; 3/2; z1, . . . , z11),
where
b1 = −2, z1 = −(γmax − γ)(1− sinϕ)
1− γmax(1− sinϕ) , (4.21)
b2 = −1, z2 = 2(γmax − γ)
2γmax − 1 ,
bk = 1/2, zk =
γmax − γ
γmax − γk−1 , k = 3, . . . , 11.
This is our final result for ξ(γ). Unfortunately this solution is not invertible, so we can not
write down γ(ξ).
Now, let us proceed with obtaining the solutions for the isometric coordinates on S3
−
.
From (3.12) one finds the following first integrals:
dX˜φ1−
dξ
=
1
α2 − β2


βΛφ1− + sin2 ϕ

 Cφ1−sin2 θ− −
qαΛφ2−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2




, (4.22)
12
dX˜φ2−
dξ
=
1
α2 − β2


βΛφ2− +
sin2 ϕ
cos2 θ−

Cφ2− + qαΛ
φ1− sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2




. (4.23)
Introducing the variable γ and using (4.16), one arrives at
X˜φ1− ≡ φ˜1− = 2 sinϕ(−a10)−1/2(1− γmax(1− sinϕ))2(2γmax − 1)(γmax − γ)1/2 (4.24)[
10∏
i=2
(γmax − γi)
]−1/2 [
βΛφ1−
sin2 ϕ
F
(11)
D (1/2; b1, . . . , b11; 3/2; z1, . . . , z11)
+
Cφ1−
4(1− γmax)γmaxF
(13)
D (1/2; b1, . . . , b11, b12, b13; 3/2; z1, . . . , z11, z12, z13)
−qαΛφ2−(1− γmax(1− sinϕ))−2F (10)D (1/2; b2, . . . , b11; 3/2; z2, . . . , z11)
]
,
X˜φ2− ≡ φ˜2− = 2 sinϕ(−a10)−1/2(1− γmax(1− sinϕ))2(2γmax − 1)(γmax − γ)1/2 (4.25)[
10∏
i=2
(γmax − γi)
]−1/2 [
βΛφ2−
sin2 ϕ
F
(11)
D (1/2; b1, . . . , b11; 3/2; z1, . . . , z11)
+
Cφ2−
(2γmax − 1)2F
(12)
D (1/2; b1, . . . , b11, c12; 3/2; z1, . . . , z11, y12)
+4qαΛφ1−(2γmax − 1)−2γmax(1− γmax)(1− γmax(1− sinϕ))−2×
F
(15)
D (1/2; b1, . . . , b11, c12, c13, c14, c15; 3/2; z1, . . . , z11, y12, z12, z13, y15)
]
,
where
b12 = 1, z12 = −γmax − γ
1− γmax , (4.26)
b13 = 1, z13 =
γmax − γ
γmax
,
c12 = 2, y12 = 2
γmax − γ
2γmax − 1 ,
c13 = −1, c14 = −1,
c15 = 2, y15 = −(γmax − γ)(1− sinϕ)
1− γmax(1− sinϕ) .
Therefore, according to (3.13), the solutions for the isometric coordinates on S3
−
are given
by
φ1−(τ, ξ) = Λ
φ1−τ + φ˜1−(ξ), φ2−(τ, ξ) = Λ
φ2−τ + φ˜2−(ξ).
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5 Conserved charges
The expressions for the conserved charges corresponding to the isometric coordinates can be
found from (3.19) to be
Qt ≡ −Es = T
α2 − β2
∫ [
β
α
Ct − αΛt(1 + r2)− q
(
Cφ − qαΛtr2
)]
dξ, (5.1)
Qφ ≡ S = T
α2 − β2
∫ [
β
α
Cφ − αΛφr2 − q r
2
1 + r2
(
Ct + qαΛ
φr2
)]
dξ, (5.2)
Qφ1+ ≡ J1+ =
T
α2 − β2
∫ [
β
α
Cφ1+ +
αΛφ1+
cos2 ϕ
sin2 θ+ (5.3)
+
q sin2 θ+
cos2 θ+
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2

Cφ2+ + qαΛ
φ1+ sin2 θ+
cos2 ϕ
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2



 dξ,
Qφ2+ ≡ J2+ =
T
α2 − β2
∫ [
β
α
Cφ2+ +
αΛφ2+
cos2 ϕ
cos2 θ+ (5.4)
− q(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2

Cφ1+ − qαΛ
φ2+ sin2 θ+
cos2 ϕ
(
cos2 θ+
2
+
sin2
θ+
2
cosϕ
)2



 dξ,
Qφ1− ≡ J1− =
T
α2 − β2
∫ [
β
α
Cφ1− +
αΛφ1−
sin2 ϕ
sin2 θ− (5.5)
+
q sin2 θ−
cos2 θ−
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2

Cφ2− + qαΛ
φ1− sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2



 dξ,
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Qφ2− ≡ J2− =
T
α2 − β2
∫ [
β
α
Cφ2− +
αΛφ2−
sin2 ϕ
cos2 θ− (5.6)
− q(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2

Cφ1− − qαΛ
φ2− sin2 θ−
sin2 ϕ
(
cos2 θ−
2
+
sin2
θ
−
2
sinϕ
)2



 dξ.
Here we introduced the following notations: Es is the string energy, S is the spin of the
string in AdS3, J1+, J2+, J1−, J2−, are the angular momenta on the two three spheres S
3
±
.
In order to compute Es and S, we introduce the variable y = r
2 and use the expression
(4.10) for dξ in AdS3. This leads to the following results
Es =
2T√
(1− q2)
[
(Λφ)2 − (Λt)2
]
(yp − yn)
(5.7)
[(
Λt − β
α2
Ct + q
Cφ
α
)
K
(
1− ym − yn
yp − yn
)
+
(1− q2)Λt
(
yn K
(
1− ym − yn
yp − yn
)
+ (yp − yn) E
(
1− ym − yn
yp − yn
))]
,
S =
2T√
(1− q2)
[
(Λφ)2 − (Λt)2
]
(yp − yn)
(5.8)
[(
β
α2
Cφ − qCt
α
+ Λφq2
)
K
(
1− ym − yn
yp − yn
)
+
(1− q2)Λφ
(
yn K
(
1− ym − yn
yp − yn
)
+ (yp − yn) E
(
1− ym − yn
yp − yn
))
+
qCt
α
− q2Λφ
1 + yp
Π
(
yp − ym
1 + yp
, 1− ym − yn
yp − yn
)]
,
where K, E and Π are the complete elliptic integrals of first, second and third kind.
To find the final expressions for the angular momenta, we now introduce the variable γ
(γ = cos2 θ+
2
for S3+ and γ = cos
2 θ−
2
for S3
−
). Here we present the results for J1− and J2−
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only. By using (4.16) we derive:
J1− =
2πT
sinϕ
(−a10)−1/2(1− γmax(1− sinϕ))2(2γmax − 1)(γmax − γmin)1/2 (5.9)[
10∏
i=2
(γmax − γi)
]−1/2
×
[
β
α
Cφ1−F
(10)
D (1/2; b1, . . . , bk−1, bk+1, . . . , b11; 1;Z1, . . . , Zk−1, Zk+1, . . . , Z11)
+
4αΛφ1−
sin2 ϕ
γmax(1− γmax)×
F
(12)
D (1/2; b1, . . . , bk−1, bk+1, . . . , b11, b12, b13; 1;Z1, . . . , Zk−1, Zk+1, . . . , Z11, Z12, Z13)
+4q sin2 ϕ γmax(1− γmax)
(
Cφ2−
(2γmax − 1)2(1− γmax(1− sinϕ))2×
F
(11)
D (1/2; b2, . . . , bk−1, bk+1, . . . , b11, b12, b13; 1;Z2, . . . , Zk−1, Zk+1, . . . , Z11, Z12, Z13)
+
4qαΛφ1−γmax(1− γmax)
(2γmax − 1)2(1− γmax(1− sinϕ))4×
F
(12)
D (1/2; 2, 1, b3, . . . , bk−1, bk+1, . . . , b11,−2,−2; 1;Z1, . . . , Zk−1, Zk+1, . . . , Z11, Z12, Z13)
)]
,
J2− =
2πT
sinϕ
(−a10)−1/2(1− γmax(1− sinϕ))2(2γmax − 1)(γmax − γmin)1/2 (5.10)[
10∏
i=2
(γmax − γi)
]−1/2
×
[
β
α
Cφ2−F
(10)
D (1/2; b1, . . . , bk−1, bk+1, . . . , b11; 1;Z1, . . . , Zk−1, Zk+1, . . . , Z11)
+
αΛφ2−
sin2 ϕ
(2γmax − 1)2×
F
(10)
D (1/2; b1,−3, b3, . . . , bk−1, bk+1, . . . , b11; 1;Z1, . . . , Zk−1, Zk+1, . . . , Z11)
−q sin2 ϕ Cφ1−(1− γmax(1− sinϕ))×
F
(9)
D (1/2; b2, . . . , bk−1, bk+1, . . . , b11; 1;Z2, . . . , Zk−1, Zk+1, . . . , Z11)
+4q2αΛφ2− sin2 ϕ γmax(1− γmax)(1− γmax(1− sinϕ))−4×
F
(13)
D (1/2; 2,−1, b3, . . . , bk−1, bk+1, . . . , b11,−1,−1; 1;Z1, . . . , Zk−1, Zk+1, . . . , Z11, Z12, Z13)
]
,
where Zk are related to the previous zk by the change γ → γmin.
In writing (5.9), (5.10), we used the following property of the hypergeometric functions
16
F
(n)
D :
F
(n)
D (a; b1, . . . , bn; c; z1, . . . , zk−1, 1, zk+1, . . . , zn) =
Γ(c)Γ(c− a− bk)
Γ(c− a)Γ(c− bk) × (5.11)
F
(n−1)
D (a; b1, . . . , bk−1, bk+1, . . . , bn; c− bk; z1, . . . , zk−1, zk+1, . . . , zn).
It follows from the integral representation (4.19). We needed to use this property in order
to take into account that for some k
Zk =
γmax − γmin
γmax − γk−1 = 1,
i.e. γk−1 = γmin ≥ 0.
6 Concluding remarks
Here we considered strings living in AdS3 × S3 × S3 × S1 with nonzero 2-form B-field. By
using specific ansatz for the string embedding, we obtained a class of solutions corresponding
to strings moving in the whole ten dimensional space-time. For the AdS3 subspace, these
solutions are given in terms of incomplete elliptic integrals as expected. For the two three-
spheres, they are expressed in terms of Lauricella hypergeometric functions of many variables.
The same is true for the corresponding conserved angular momenta related to the isometries
of the three-spheres. This is in contrast with the case of AdS3 × S3 × T 4 background with
B-field, where the solutions for the string coordinates on S3 are given in terms of incomplete
elliptic integrals [25, 28]. The complications here arise because of the specific form of the
B-field for this supergravity solution (see (2.16)).
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Appendix
Here we explain how (4.16) is derived. First we represent dξ as
dξ =
α2 − β2
sinϕ
(1− (1− sinϕ)γ)2 (2γ − 1)
10∑
i=0
aiγ
idγ,
17
where
a0 = −1
4
C2φ1− sin
2 ϕ,
a1 = Cθ−(α
2 − β2)− α2 (Λφ2−)2 csc2 ϕ
− sin2 ϕ
[(
Cφ1−
)2
sinϕ+
(
Cφ2−
)2 − 2Cφ1− (Cφ1− + qαΛφ2−)] ,
a2 = −9Cθ−(α2 − β2)− 4α2
(
Λφ2−
)2
cscϕ+ α2
[
13
(
Λφ2−
)2 − 4 (Λφ1−)2] csc2 ϕ
+
1
2
sinϕ
(
8Cθ−(α
2 − β2)− sinϕ
(
13
(
Cφ1−
)2 − 2Cφ2− (5Cφ2− − 8qαΛφ1−)
+28qαCφ1−Λ
φ2− + 8q2α2
(
Λφ2−
)2
+ sinϕ
(
8
(
Cφ2−
)2
−2Cφ1−
(
7Cφ1− + 4qαΛ
φ2−
)
+ 3
(
Cφ1−
)2
sinϕ
)))
,
a3 = 34Cθ−(α
2 − β2)− 6α2 (Λφ2−)2 − 16α2 ((Λφ1−)2 − 3 (Λφ2−)2) cscϕ
+2α2
(
20
(
Λφ1−
)2 − 37 (Λφ2−)2) csc2 ϕ+ sinϕ×(
−32Cθ−(α2 − β2) + sinϕ
(
11
(
Cφ1−
)2
+ 38qαCφ1−Λ
φ2−
+2
(
3Cθ−(α
2 − β2)− 5 (Cφ2−)2 + 16qαCφ2−Λφ1−
−4q2α2
(
2
(
Λφ1−
)2 − 3 (Λφ2−)2))− sinϕ(19 (Cφ1−)2
−16Cφ2−
(
Cφ2− − qαΛφ1−
)
+ 24qαCφ1−Λ
φ2− + sinϕ×(
6
(
Cφ2−
)2 − 9 (Cφ1−)2 + (Cφ1−)2 sinϕ− 2qαCφ1−Λφ2−)))) ,
a4 = −70Cθ−(α2 − β2)− 6α2
(
4
(
Λφ1−
)2 − 11 (Λφ2−)2)
+8α2
(
18
(
Λφ1−
)2 − 31 (Λφ2−)2) cscϕ− 2α2 (86 (Λφ1−)2 − 121 (Λφ2−)2) csc2 ϕ
+
1
4
sinϕ
(
416Cθ−(α
2 − β2)− 16α2 (Λφ2−)2 + sinϕ×(
−41 (Cφ1−)2 − 200qαCφ1−Λφ2− − 8(21Cθ−(α2 − β2)− 5 (Cφ2−)2
+24qαCφ2−Λ
φ1− − 2q2α2
((
12Λφ1−
)2 − 13 (Λφ2−)2))+ sinϕ×(
4
(
25
(
Cφ1−
)2
+ 4
(
Cθ−(α
2 − β2)− 6Cφ2−
(
Cφ2− − 2qαΛφ1−
))
+52qαCφ1−Λ
φ2−
)− sinϕ(78 (Cφ1−)2 − 8Cφ2− (9Cφ2− − 4qαΛφ1−)
+40qαCφ1−Λ
φ2− + sinϕ
((
Cφ1−
)2
sinϕ− 20 (Cφ1−)2 + 16 (Cφ2−)2))))) ,
18
a5 = 85Cθ−(α
2 − β2) + 6α2
(
32
(
Λφ1−
)2 − 51 (Λφ2−)2)
−16α2
(
34
(
Λφ1−
)2 − 45 (Λφ2−)2) cscϕ+ α2 (416 (Λφ1−)2 − 501 (Λφ2−)2) csc2 ϕ
+ sinϕ
(
−8
(
22Cθ−(α
2 − β2) + α2
(
2
(
Λφ1−
)2 − 5 (Λφ2−)2))
+ sinϕ
(
5
(
Cφ1−
)2
+ 114Cθ−(α
2 − β2)− (5Cφ2− − 12qαΛφ1−) (Cφ2− − 4qαΛφ1−)
+32qαCφ1−Λ
φ2− − (1− 48q2)α2 (Λφ2−)2 + sinϕ (−8 (3Cθ−(α2 − β2)
−2 (Cφ2−)2 + 6qαCφ2−Λφ1− + 2Cφ1− (Cφ1− + 3qαΛφ2−))
+ sinϕ
(
Cθ−(α
2 − β2)− 2Cφ2−
(
9Cφ2− − 8qαΛφ1−
)
+2Cφ1−
(
9Cφ1− + 8qαΛ
φ2−
)
+
1
2
((
Cφ1−
)2 − (Cφ2−)2) (1− cos 2ϕ− 16 sinϕ)
))))
,
a6 = −61Cθ−(α2 − β2)− 6α2
(
104
(
Λφ1−
)2 − 129((Λφ2−)2)
+4α2
(
280
(
Λφ1−
)2 − 321 (Λφ2−)2) cscϕ
−α2
(
620
(
Λφ1−
)2 − 681 (Λφ2−)2) csc2 ϕ+ sinϕ×(
4
(
41Cθ−(α
2 − β2) + α2
(
28
(
Λφ1−
)2 − 41 (Λφ2−)2))+ sinϕ×(−150Cθ−(α2 − β2) + (Cφ2− + 2(1− 2q)αΛφ1−) (Cφ2− − 2(1 + 2q)αΛφ1−)
− (Cφ1− − (3− 4q)αΛφ2−) (Cφ1− + (3 + 4q)αΛφ2−)+ sinϕ×(
4
(
13Cθ−(α
2 − β2) + (Cφ1−)2 − (Cφ2−)2 + 4qα (Cφ1−Λφ2− + Cφ2−Λφ1−)
− sinϕ
(
5Cθ−(α
2 − β2) + 6
((
Cφ1−
)2 − (Cφ2−)2)
+8qα
(
Cφ1−Λ
φ2− + Cφ2−Λ
φ1−
)
+
1
2
((
Cφ1−
)2 − (Cφ2−)2)×
(1− cos 2ϕ− 8 sinϕ)))))) ,
a7 = −8(1− sinϕ)
(
−3Cθ−(α2 − β2)− 5α2
(
7
(
Λφ1−
)2 − 8 (Λφ2−)2)
+97α2
(
97
(
Λφ1−
)2 − 104 (Λφ2−)2) cscϕ− α2 (73 (Λφ1−)2 − 76 (Λφ2−)2) csc2 ϕ
+ sinϕ
(
7Cθ−(α
2 − β2) + α2
(
3
(
Λφ1−
)2 − 4 (Λφ2−)2)
+
1
2
Cθ−(α
2 − β2) (1− cos 2ϕ− 10 sinϕ)
))
,
19
a8 = −4 (1− sinϕ)2
(
Cθ−(α
2 − β2) + α2
(
13
(
Λφ1−
)2 − 14 (Λφ2−)2)
−2α2
(
37
(
Λφ1−
)2 − 38 (Λφ2−)2) cscϕ
+α2
(
85
(
Λφ1−
)2 − 86 (Λφ2−)2) csc2 ϕ
+
1
2
Cθ−(α
2 − β2) (1− cos 2ϕ− 4 sinϕ)
)
,
a9 = 16α
2
((
Λφ1−
)2 − (Λφ2−)2) csc2 ϕ (1− sinϕ)3 (7− 3 sinϕ) ,
a10 = −16α2
((
Λφ1−
)2 − (Λφ2−)2) csc2 ϕ (1− sinϕ)4 .
Since we want the variable γ = cos2 θ−
2
to have maximum, the coefficient a10 must be
negative, i.e.
(
Λφ1−
)2
>
(
Λφ2−
)2
.
Taking this into account, we rewrite
∑10
i=0 aiγ
i as
10∑
i=0
aiγ
i = −a10
(
−γ10 − 1
a10
9∑
j=0
ajγ
j
)
≡ −a10
(
−γ10 −
9∑
j=0
Bjγ
j
)
= −a10(γ1 − γ)
10∏
k=2
(γ − γk),
where γ1 = γmax and
−B0 = −
10∏
k=1
γk , . . . , −B9 =
10∑
k=1
γk.
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